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IVAN SOPROUNOV 

Abstract. We introduce a new approach to the study of a system of algebraic 
equations in (C x ) n whose Newton polytopes have sufficiently general relative 
positions. Our method is based on the theory of Parshin's residues and tame 
symbols on toroidal varieties. It provides a uniform algebraic explanation of the 
recent result of Khovanskii on the product of the roots of such systems and the 
Gel'fond-Khovanskii result on the sum of the values of a Laurent polynomial over 
the roots of such systems, and extends them to the case of an algebraically closed 
field of arbitrary characteristic. 
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1. Introduction 

1. The classical residue formula says that the sum of the residues of a rational 1-form 
u over all points of a complex projective curve X is zero: 



E 



resa; uj = 0. 

The standard proof of this formula uses Stokes theorem. In "Algebraic groups and 
class fields" J. -P. Serre gives a purely algebraic proof of the residue formula which 
works over any algebraically closed field even of positive characteristic [Se88]. 

In class field theory the residue formula has a multiplicative cousin — Weil's 
reciprocity: the product of the tame symbols of any two rational functions /o, /i 
over all points of a projective curve X is one [Se88]: 

n</oi/i>x =i - 

In the 1970's A. Parshin constructed higher-dimensional class field theory where 
he generalized the residue and the tame symbol [P75]. Given an n-dimensional 
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algebraic variety X and a rational form wonX, Parshin defines the residue reSFLO 
at each complete flag F : Xq C X\ C • • • C X n -\ C X of irreducible subvarieties of 
X . Similarly, given any n + 1 rational functions fo, . . . , f n on X he defines the tame 
symbol (/o, . . . , / n )jr at each such flag F. Parshin's residue and symbol satisfy not 
one but many reciprocity laws: Fix all subvarieties in the flag F except one, say . 
Then the sum of the residues (product of the symbols) over all possible irreducible 
subvarieties Xi that can appear in the i-th slot of F is zero (one) (Theorem 6.4 in 
the appendix). 

The aim of the present paper is to look at some recent results of the theory of 
Newton polytopes from the point of view of this general theory of Parshin. More 
specifically, consider a system of Laurent polynomial equations in the n-torus: 

(l) /i(*) = --- = /n(*) = 0, te(C x r. 

Suppose the Newton polytopes Ai, . . . , A n of the fa have sufficiently general rel- 
ative positions (see Definition 5.1). Then the system has a finite number of roots. 
O. Gel'fond and A. Khovanskii proved the following result [GKh96]. 

Theorem A. The sum of the values of a Laurent polynomial fo over the roots of 
(1) counting multiplicities is equal to 

D-W)r«A (/of A-- A 

where the sum is over the vertices A of A = Ai + • • • + A nj res^ (Vo^ A • • • A y 2 ^ 

is the residue at a vertex (an explicit rational function in the coefficients of the fa), 
and c(A) is the combinatorial coefficient (an integer that reflects the combinatorial 
structure of the poly tope A near the vertex A ). 

This is, in fact, a particular case of their residue formula [GKh02] for the sum of the 
Grothendieck residues of a rational n-form which is regular in (C x ) n \{/i . . . f n = 0} , 
over the roots of the system (1). The proof of the residue formula is topological and 
uses toric compactifications. 

The following is a generalized Vieta formula for the product of roots of (1) ob- 
tained by Khovanskii [Kh99]. 

Theorem B. The product of the values of a Laurent monomial fo over the roots of 
(1) counting multiplicities is equal to 

I/O) • • • > Jn\ A , 

A 

where the product is over the vertices A of A = Ai + ■ ■ ■ + A n , [fo, ■ ■ ■ , f n ]A is the 
symbol at a vertex ( an explicit Laurent monomial in the coefficients of the f ), and 
c(A) is the combinatorial coefficient. 

The proof of this theorem uses the polyhedral homotopy method and regular 
subdivisions of polytopes. 
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The relation between Theorem A and Theorem B appears to be the same as the 
one between the 1-dimensional residue formula and Weil's reciprocity. Moreover, 
the number [/o, . . . , f n ]A is defined similar to Parshin's tame symbol. This gives a 
motivation to search for a uniform explanation of these results in terms of the theory 
of residues and tame symbols. 

The main obstruction to this is the notion of combinatorial coefficients c{A) since 
they are defined as the local degrees of certain real non-algebraic maps. In the present 
paper we give an explicit algebraic description for the combinatorial coefficients as 
a signed number of certain complete flags of faces of A, thus putting them in the 
framework of Parshin's theory. (Similar description of the combinatorial coefficient 
was obtained by O. Gel'fond [G96] for some special collections of polytopes.) We 
provide a uniform algebraic proof of Theorems A and B based on Parshin's theory 
for toroidal varieties. We also extend them to the case of an arbitrary algebraically 
closed field. 

2. The material of the paper is organized as follows. In section 2 we give an explicit 
formula for the degree of a map of polyhedral sets defined by some combinatorial 
data. As an application we obtain a new formula for the combinatorial coefficient. 

In sections 3 and 4 we consider Parshin's theory for toroidal pairs. A toroidal 
pair (X, D) consists of a normal variety X and a codimension 1 subvariety D such 
that locally at each point, X is analytically isomorphic to an affine toric variety 
X a where the branches of D correspond to the invariant divisors of X a . We define 
residue and tame symbol at each point x € X for which the corresponding affine 
variety X a has a O-dimensional orbit. This generalizes the notions of residue and 
symbol at a vertex from Theorems A and B. Our definition is similar to the one 
of Parshin, but does not involve any particular choice of a complete flag. Using the 
algebraic description of the combinatorial coefficients we prove general results about 
symbol and residue on toroidal pairs (Theorem 3.15, Theorem 4.8). In section 5 we 
show how these results imply Theorems A and B for arbitrary algebraically closed 
fields. 

Finally, in the appendix we include the definition of Parshin's residue and tame 
symbol and formulate the higher-dimensional reciprocity laws. 

3. Remarks. There is a topological construction for the tame symbol based on 
Deligne's proof of Weil's reciprocity (see [BrMc96]). This construction provides a 
uniform topological explanation of the product of roots formula and the residue 
formula. Our approach is algebraic and works over algebraically closed fields of ar- 
bitrary characteristic. 

A different formula for the product of the roots of a system (1) can be derived from 
Poisson's formula for the mixed resultant due to Pedersen and Sturmfels [PeSt93]. 
In this formula the product of the values of a monomial /o = ct m over the roots is 
represented by the product of the mixed resultant of fo, ■ ■ ■ ,fn (which in this case 
is just c to the power of the mixed volume of Ai, . . . , A n ) and the facet resultants 
to certain powers. The assumption on the Newton polytopes of (1) implies that each 
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facet resultant is a monomial in one of the coefficients of the system. To give an idea 
of how this formula is related to the one in Theorem B let us assume that /o = c , for 
c ^ 0, 1 . Then Poisson's formula gives the inductive formula for the mixed volume 
(e.g. see [BuZa88], p. 166), whereas Theorem B gives Khovanskii's formula for the 
mixed volume in terms of combinatorial coefficients [Kh99] . 

Parshin's residue is closely related to the toric residue defined by D. Cox [C96]. 
For different applications of residues in toric geometry we refer the reader to works 
of E. Cattani, D. Cox, A. Dickenstein, and B. Sturmfels [CCD97, CD97, CDSt98]. 

4. In the paper k is always an algebraically closed field. A variety is a reduced 
separated scheme of finite type over k, a subvariety is a reduced subscheme. By T 
we denote the algebraic n -torus over k, T = (k x ) n , and M = Hom a ; ff . sp (T, k x ) the 
abelian rank n group of characters of T. Finally, X a denotes the affine toric variety 
Spec k[a n M] defined by a convex rational polyhedral cone a in M R. 

Acknowledgements. The results of the present paper constitute a part of the 
author's Ph.D. thesis [So02]. I am grateful to Askold Khovanskii for stating the 
problem, his constant support and numerous discussions. 

2. Degree of Polyhedral Maps and Combinatorial Coefficient 

In this section we show how to compute the degree of a map between two poly- 
hedral sets which is defined by a map of the partially ordered sets of their faces. 
As an application we obtain an explicit combinatorial formula for the combinatorial 
coefficient. 

2.1. Polyhedral maps. A polyhedral set is a finite union of convex compact poly- 
topes intersecting in faces. We will assume that all the polytopes are embedded in 
a Euclidean space E of some big dimension. Then a polyhedral set is a topological 
space with the topology inherited from E . The dimension of a polyhedral set is the 
maximum of dimensions of the polytopes it contains. A polyhedral set is oriented if 
every polytope it contains is oriented. 

Let A be a polyhedral set and J r (X) the set of all faces of all polytopes appearing 
in X . The set J 7 ( X) is a finite partially ordered set by inclusion. 

Consider two polyhedral sets X and Y , and fix a map ijj : F{X) — > T{Y) that 
preserves the partial ordering. A continuous piecewise linear map : X — > Y is 
called a polyhedral map associated with ip if f^(G) C ip(G) for every face G € F(X) . 

Given any map ijj : F(X) — » T(Y) there exists polyhedral map : X — > Y . 
Moreover all such maps are homotopy equivalent within the class of all polyhedral 
maps associated with ip . 

Proposition 2.1. Each map ip : J~(X) — > J~(Y) that respects the partial ordering 
defines a homotopy class of polyhedral maps f^:X^>Y associated with tp . 

Proof. First, for every map of partially ordered sets ip : F{X) — > T(Y) we construct 
a continuous piecewise linear map : X — > Y as follows. 
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Fix barycentric subdivisions of X and Y. Note that for any polyhedral set X 
there is a one-to-one correspondence between the set of all simplices in a barycentric 
subdivision of X and the set of all chains in ^(X) . Consider a fc-simplex A fc in 
the subdivision of X . It corresponds to a chain Xq C • • • C Xj, in T(X) . Let 
VK^o) Q • ■ • ip{Xk) be its image. It corresponds to a unique simplex (possibly of 
smaller dimension) in the subdivision of Y which we denote by ip(A k ) . Since there 
is a unique linear map between two simplices that maps vertices of one simplex to 
the prescribed vertices of the other simplex, we get a map : X Y that sends 
each simplex A fc to the corresponding simplex ip(A k ). Clearly this map agrees on 
the common faces of simplices of the subdivision and, hence, is continuous piecewise 
linear. By construction, f^(G) C ip{G) for any G <G T{X). 

Now suppose and are two polyhedral maps associated with ip. Then for 
each < t < 1 the map = (1 — t)fy + tf^ is also associated with ip. Indeed, 
fix a face G € J-(X). Then every point x £ G is mapped to a point f^(x) on the 
segment joining f^{x) and f^(x). Since both f^(x) and f^(x) belong to the face 
ip(G), also does. Therefore /*(G) C ip(G). □ 

2.2. Flags and degree of polyhedral maps. Consider an oriented polyhedral set 
X . Let X : Xq C • • • C X n , dim Xi = i be a complete flag in X , i.e. a maximal 
chain of elements of T(X) . With the flag X we associate an ordered set of vectors 
(ei, . . . , e n ) , where begins at Xq and points strictly inside Xi . Define the sign of 
X to be 1 if (ei, . . . , e n ) gives a positive oriented frame for X n and —1, otherwise. 
It is easy to see that the sign does not depend on the choice of vectors e±, . . . ,e n . 
We denote it by sgn X . 

Now consider a map of partially ordered sets tp '■ — > TiY) , where X and 
Y are n -dimensional oriented polyhedral sets. Every polyhedral map f^, : X — > Y 
associated with -0 induces a map of the ra-th homology groups: 

By Proposition 2.1 this map is the same for all choices of We call it the degree 
map of ip. We will be concerned with the case when both groups H n (X) and H n {Y) 
are isomorphic to Z. (This is true, for example, when X and Y are the boundaries 
of (n + 1 )-dimensional polytopes.) Then the degree map is the multiplication by an 
integer, which we denote by deg(V') • In the next theorem we show how to compute 
deg(^) as a signed number of certain complete flags in X . 

Let X : Xq C • • • C X n and y : Y$ C • • • C Y n be complete flags in X and Y , 
respectively. We will write ip(X) = y if and only if ip(Xi) = Yi for all < i < n. 
Define the preimage of 3^ under ip to be the set of all X such that ip{X) = y . 

Theorem 2.2. Let X and Y be two polyhedral sets as above, and ip : J~(X) — > .F(Y) 
a map of partially ordered sets of their faces. Fix any complete flag y in Y . Then 
the degree of ip is equal to the sign of y times the signed number of all complete 
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flags X in X in the preimage of y under ip : 

deg(V') = sgn y sgnX. 

4>{x)=y 

Proof. By Proposition 2.1 we can choose any function in the homotopy class defined 
by tp. We take f^ to be the piecewise linear function constructed in the proof 
of Proposition 2.1 using barycentric subdivisions of X and Y . We view as a 
simplicial map between two simplicial complexes. 

Fix any positive oriented n-simplex Ay in the barycentric subdivision of Y. 
Then the degree of is the number of all n-simplices in X that are mapped 
to Ay ; each simplex being counted with either sign plus or sign minus according 
to its orientation. Recall that the n-simplex Ay corresponds to a complete flag 
y in Y and every n-simplex A^ corresponds to some complete flag X in X . 
Clearly, the orientation of A^ coincides with the sign of the corresponding flag X , 
and fjp(Ax) = A y if and only if ij)(X) = y . It remains to notice that if we fix a 
negative oriented Ay the number we obtain is the negative degree of . □ 

2.3. Combinatorial coefficient. The combinatorial coefficient is a local analog of 
the degree considered above. 

Let a C W 1 be a convex polyhedral n-dimensional cone in with apex A. Consider 
an ordered collection D = (Di, . . . , D rn ) of m distinct non-empty closed subsets of 
a , where m < n and each set Di is a union of facets of a . Assume that they cover 
the boundary of a and if m = n the apex A is the only face of a which is covered 
by all of them: 

(2) da = £>i U ■ ■ ■ U D m , if m = n then D 1 n • • • n D n = {A}. 

A continuous map g : a — > R n is called a characteristic map of the covering 
(2) if for each 1 < i < n the i-th component gi of g is non-negative and vanishes 
precisely on those faces of a that belong to Di . It is easy to see that all characteristic 
maps send the boundary of a to the boundary of the positive octant R" such that 
5 _1 (0) C {^4}, and they are homotopy equivalent within the class of such maps. 

Definition 2.3. The local degree of the germ at A of the restriction of a charac- 
teristic map to the boundary of a , 

g:(da,A)^(dR n + ,0) 

is called the combinatorial coefficient of the covering (2). 

Clearly, the combinatorial coefficient is zero unless m = n. In the case when 
m = n Theorem 2.2 provides us with a description of the combinatorial coefficient 
as the number of certain complete flags of faces of a , counted with signs. 

For a cone a C M. n we let J-{da) denote the partially ordered by inclusion set of 
the proper faces of a. With a covering (2) we associate a map <j> : J 7 (da) — ► ^(dW^) 
by putting 

4>(t) = R n + n {y h =...=y lk =0} 



RESIDUES AND TAME SYMBOLS ON TOROIDAL VARIETIES 



7 



if and only if r is a common face of D^, . . . Di k for 1 < i\ < n, and k is maximal. 
Here (yi, . . . , y n ) is a coordinate system for R n . 

For any complete flag 70 C • • • C 7 n -i in dW± define its preimage under <f> as the 
set of all complete flags <ro C ■ ■ ■ C o n -\ in da such that <p((Ji) =7«, < i < n — 1 . 
Note that the preimage of any flag under (ft is empty if m < n. 

Fix the standard orientation of M. n . We orient the boundary of every n- 
dimensional cone in W 1 in accordance with this fixed orientation. As before, define 
the sign of a complete flag 00 C • • • C (J n -i to be 1 if it gives a positive oriented 
frame for a n -\ , and —1 otherwise. 

Theorem 2.4. The combinatorial coefficient of a covering (2) is equal to the signed 
number of all complete flags in the preimage of any positive complete flag under <f> . 

In particular, if m = n the combinatorial coefficient is equal to the signed num- 
ber of all complete flags o"o C ••• C cr ra _i C a, where Oi is a common face of 
Di + i, . . . , D n of dimension i . 

Proof. The case m < n is obvious, so we assume that m = n. To be able to apply 
Theorem 2.2 we "compactify" the cones a and W\ . Consider a pyramid with the 
vertex A and base Dq which is a cross section of a by a generic hyperplane. Let X be 
the oriented boundary of the pyramid. Next consider the standard n-dimensional 
simplex defined in M. n as the convex hull of the origin and the endpoints of the 
standard basis vectors. Let Y be its oriented boundary. 

The subsets D\ , . . . , D n of a along with the base Dq form a covering of X . Define 
the map tp : F(X) -> F(Y), by putting ip(G) = {y h = ■ ■ ■ = y ik = 0} if and only 
if G is a common face of D^, . . . , Di k for < ii < n, and k is maximal. Here 
(?/o > Hi ■ ■ ■ > Vn) are the barycentric coordinates for the simplex. 

Note that the restriction of a characteristic map g : a — > IR n to X defines a 
polyhedral map f^ : X ^ Y associated with ip . According to Theorem 2.2, the 
degree of if) is equal to the number of complete flags of faces of X counted with 
signs in the preimage under ip of any positive complete flag of faces of Y. For 
example one can take the flag 

O/i = ■ • • = Vn = 0} C {y 2 = ■ ■ ■ = y n = 0} C ■ ■ ■ C {y n = 0}. 

□ 

Remark 2.5. Notice that since there are n\ complete flags in W+ we obtain n\ 
formulae for the combinatorial coefficient. If m = n a choice of a complete flag 
corresponds to an order of D\ , . . . , D n , thus we can say that the combinatorial 
coefficient is skew-symmetric in D\ , . . . , D n . 

3. Toroidal Symbol 

The toroidal symbol is a slight modification of Parshin's tame symbol for toroidal 
varieties. More precisely, consider a pair (X, D) consisting of a normal variety X 
and a codimension 1 subset D such that in a formal neighborhood of each point, 
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A is isomorphic to an affine toric variety X a and D corresponds to the invariant 
divisor X a \T . We distinguish special points on X for which the corresponding toric 
variety has a O-dimensional orbit. At each such point x E X the toroidal symbol 
associates a non-zero element [/q, . . . , f n ] x of the base field to every collection of 
n + 1 rational functions fo, ■ ■ ■ , f n on A with divisors in D . 

Suppose the irreducible components of D are divided into 2n groups D[, . . . , D' n , 
D'{, . . . , D'^ (where n = dimX) and assume that the sets S' = D[ n ■ ■ ■ PI D' n and 
S" = D'{ n • • • n D" consist of special points only. The main result of this section is 
a certain reciprocity between the products of symbols over S' and S" . 

3.1. Toroidal pair. Here we recall the definition of a toroidal pair. A detailed 
treatment of toroidal pairs is given in [KKMS73] where they are called toroidal 
embeddings without self-intersections. We use Danilov's terminology from [D78]. 

Let A be a normal n-dimensional variety over an algebraically closed field k. Let 
D be a closed subset of A every irreducible component of which is a codimension 1 
normal subvariety of A . We say that the pair (A, D) is toroidal if for every closed 
point x G A there exists an n-dimensional algebraic torus T, an affine toric variety 
X a , corresponding to a rational convex n-dimensional cone a, and a point xq in 
X a , such that (A, D, x) is formally locally isomorphic to (X a , A CT \T, xq) . The latter 
means that there exists an isomorphism of the formal completions of the local rings 

Ox,x — Ox a ,x i 

such that the image of the ideal of D is mapped to the image of the ideal of X a \T . 
We call (A CT ,xo) a local model of (X,D) at x. 
Consider the n-form 

dt\ dt n 

tl l n 

where (£i, . . . ,t n ) are coordinates in T. Automorphisms of T correspond to mono- 
mial changes of coordinates 

(3) ut = tf 1 ...t q ™, l<i<n, Q = ( qij ) G GL(n, 1). 

We will write u = to denote the monomial change of coordinates (3). Note that 
the form uiq is preserved under monomial changes of coordinates with det Q = 1 , and 
changes the sign when detQ = — 1. Therefore, ujq provides an analog of orientation 
on X(j . 

Furthermore, the choice of coordinates in T defines an orientation of the space 
of characters M(g>R. Monomial changes of coordinates (3) preserve this orientation 
if and only if det Q = 1 . Therefore, the orientation of M ® K and hence of a is 
uniquely determined by the form ujq . 

We call (A CT ,xo,^o) & n equipped local model of (X,D) at x assuming that the 
form wo is fixed and the cone a is oriented accordingly. 

Let D = Uiej ^ be the decomposition of D into irreducible components. The 
components of the sets f] ieJ E; L \ [j^j Ei (where J C I) are non-singular and define 
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a stratification of X (see [KKMS73], p. 57). In particular, X\D is non-singular. The 
components of C\ ie j Ei are normal and are the closures of the strata. Furthermore, 
for each x G X the closures of strata which contain x correspond formally to the 
closures of the orbits in a local model (X a ,xo) at x. 

We denote by Stj(X) the set of all i-dimensional strata, and by Stj(X) the set 
of the closures of the i-dimensional strata. Note that if x G Sto(X) then in every 
local model (X a ,xo) at x the cone a has an apex and xo is the closed orbit in X a . 

In the next proposition we describe what coordinate transformations relate dif- 
ferent local models at a point x G Sto(X). 

Proposition 3.1. Let (X,D) be a toroidal pair, x G Sto(^). Then for any two 
local models (X a ,xo) and (X a /,x' ) at x, every isomorphism 

K ■ O Xa ,x = °X a ,,x' 

that maps the image of the ideal of X a \ T to the image of the ideal of X a i \T' , is 
induced by a change of coordinates of the form 

Ui = UT •••C ^Ojf^ l<*<n, Q = (qij) G GL(n,Z), 

where ti, . . . ,t n and u\, . . . ,u n are coordinate functions on the tori T and T' , re- 
spectively. 

Proof. Let £(x) be the union of all strata Z whose closure Z contains x. Denote 
by M(x) the group of the Cartier divisors on S(x) , supported on S(x) fl D, and by 
M(x)_|_ the subsemigroup of effective divisors. For each local model (X a ,xo) at x, 
M(x) is canonically isomorphic to the group of characters M of X a , and M(x)+ is 
canonically isomorphic to the semigroup a Pi M (see [KKMS73], p. 61). Therefore 
the semigroups a fl M and a' D M' are isomorphic. In coordinates t±, . . . ,t n and 
u\,. . . ,u n it corresponds to a monomial transformation u = t® , for Q G GL(n, Z) . 

To describe all isomorphisms ir : Ox a ,x — O x<jltX ' Q it suffices to describe all 
automorphisms a of Ox a ,x t^ a t fi x the orbits of X a . Let t\, . . . , t n be coordinates 
in T. Then the ring Ox^,x can be identified with the ring of all formal power series in 
ti, . . . , t n supported in aDM , where M is identified with Z™ . Denote this ring by A. 
Let S be a multiplicative subset of A consisting of all elements (pt a , where a G aC\M 
and (f> is an invertible element of A. Then for every automorphism a, we have 
a(S) C S. Indeed, since a fixes the orbits of X a , it maps every ideal (t a ) to itself. 
Thus a(t a ) = 4>t a , for some invertible (f>. Therefore, a induces an automorphism 
as of the localization As- Note that ti,...,t n G As, since the elements of a fl M 
generate M as a group. Therefore, for each 1 < i < n, as(U) = for some 
invertible <pi . 

Conversely, every map U t— > 4>iU, 1 < i < n, (pi G A x defines an automorphism 
a oi A, which fixes the orbits. Indeed, for every element / G A , / = ^ a X a t a , 
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a € cr (~1 M , put 

(4) <*(/)= ^ A a 0°t°, 4> a = ^T--^ a n- 

aecrnM 

Note that the coefficient of each monomial i b of the series (4) is defined by finitely 
many series \ a <t> a t a (this is true since the cone a has an apex). Therefore this 
is a well-defined power series. Since all the monomials in the series belong to the 
semigroup a (~l M , the series defines an element of A. It is easy to check that a is 
in fact a homomorphism. Also it is clearly invertible. □ 

3.2. Covering and combinatorial coefficients. 

Definition 3.2. Let (X, D) be a toroidal pair. We say that (D±, . . . ,D n ) is a 
reasonable covering of D if D = D± U ■ ■ ■ U D n , where each Di is the union of some 
irreducible components of D , and D\ f~l • • • fl D n C Sto(A) . 

Let (Di, . . . ,D n ) be a reasonable covering of D. Consider an equipped local 
model (X a ,xo,ujo) at a point x € Sto(X) . It can be easily seen that the covering 
(Di, . . . , D n ) defines a covering of the boundary of the cone a in the sense of (2), 
Section 2.3. This allows us to define the combinatorial coefficient of the covering 
(Di, . . . , D n ) at each point x € Sto(A) . 

Definition 3.3. The combinatorial coefficient at x G Sto(AT) of the covering 
(£>!,..., D n ) is the combinatorial coefficient of the induced covering of a in an 
equipped local model at x . We denote it by c(x) . 

Remark 3.4. Invariance. By Remark 2.5 the combinatorial coefficient is the same 
for any two equipped local models that correspond to an automorphism of T that 
preserves the form loq, and changes sign otherwise. Also it is skew-symmetric in 
D 1 ,...,D n . 

Now consider the stratification defined by the irreducible components of D (see 
Section 3.1) and let F be a complete flag of stratum closures on X: 

F : X C X 1 C • • • C X n ^ C X, X; L E St,(A). 

It corresponds to a complete flag of orbit closures in an equipped local model 
(X a , xq, ujq) of (X,D) at Xq, hence to a complete flag F a of faces of a. 

Definition 3.5. We say that the flag F is positive (resp. negative) and write 
sgnF = 1 (resp. sgnF = —1) if the induced flag F a of faces of a is positive 
(resp. negative). 

Like in the case of the combinatorial coefficient the sign of the flag depends on 
the choice of the form ujq in an equipped local model. 

Definition 3.6. Let Z be a stratum. We say that the closure Z has signature 
{«!,..., ik} for 1 < i\ < n if and only if Z C fl ■ ■ ■ fl Di k and k is maximal. 
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The following proposition is the analog of the description of the combinatorial 
coefficient given in Theorem 2.4. 

Proposition 3.7. Let (X,D) be toroidal and (D±, . . . , D n ) a reasonable covering 
of D . Then the combinatorial coefficient c(x) of x € Stopf) is equal to the number 
of all complete flags 

x = X C Xi C • • • C X n _i C X, 
where Xi € Stj(X) is a stratum closure of signature {i + 1, . . . , n} , < i < n — 1 ; 
counting signs. 

3.3. Symbol of monomials. 

Definition 3.8. Consider an ordered collection of n + 1 monomials in n variables 
with coefficients in a field k : 

dt a * = at? 1 . . . C 1 ; Ci G k x , a i = (an, a in ) eZ", < i < n. 

Let A = (aij) € M n+ i tn (Z) be the matrix whose rows are the vectors of expo- 
nents a>i . Then the symbol of n + 1 monomials is the non-zero element of k defined 

by 

[c t a »,...,c n t a "] = (-i) B f[c ( r iyA % 

i=0 

where Ai is the determinant of the matrix obtained from A by eliminating its i-th 
row, and 

B = X/ a ik a jkAij, 
k i<j 

where A\- is the determinant of the matrix obtained from A by eliminating its i-th 
and j'-th rows and its fc-th column. 

Proposition 3.9. Let fi = Cit ai , < i < n, be monomials. The symbol has the 
following properties: 

(1) (Multiplicativity) Suppose fi is a product of two monomials fi = f[f'{ ■ Then 

[fo j ■ ■ ■ j fi fi ■>■■■■> fn\ = [fo j ■ ■ ■ j fi > ■ ■ ■ j fn] [fo ■>■■■■> fi j ■ ■ ■ > fn] ■ 

(2) (Multiplicative skew- symmetry) 

[fo ) • • • j fii ■ ■ ■ ) fji ■ ■ ■ i fn] = [fo i ■ ■ ■ 1 fji • • • i fi j • • • j fn] ■ 

(3) (Invariance) 

(i) Let u = t® , Q € GL(n,Z) be a monomial change of coordinates. Then 

[fo, ■■■ ifn] = [fo, ■ ■ ■ , fn] d ° tQ , 

where fi = CiU ai = Cit aiQ and fi = Cit ai , < i < n. 

(ii) Let s = Xt be a translation, i.e. sj = Xjtj , Xj G k x , 1 < j < n. Then 

[fo, ■ ■ ■ , fnl = [fo, ■ ■ ■ , fn], 
where f[ = CiS ai = CiX a H ai and fi = cit ai , <i <n. 
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Proof. Modulo the sign (— 1) B all the properties follow easily from the properties of 
the determinant. 

To take care of the sign we give an invariant description of B, following [Kh99]. 
Consider B as a Z/2Z -valued function of the rows ao, . . . , a n of the matrix A. It is 
easy to see that B = B(ao, . . . , a n ) is multilinear and its value on each collection of 
n + 1 standard vectors (ej , . . . , ej n ) is if more than two of the vectors ej , . . . , ei n 
coincide; and 1 otherwise. 

Now define the function B' = B'(ao, . . . , a n ) to be if the rank of (ao, . . . , a n ) 
is less than n; and Ao + • • • + A ra + 1 ( mod 2 ) if the vectors ao, . . . ,a n satisfy a 
(unique) non-trivial relation Aoao + ' ' ' + A n a n = . The function B' is multilinear 
and on each collection (ej , . . . , ej n ) the functions B' and B take the same value. 
Therefore B = B' , in particular, B is symmetric and invariant under non-degenerate 
transformations. □ 

3.4. Toroidal symbol. Let (X, D) be toroidal. Let k(X, D) denote the set of ra- 
tional functions on X whose divisor lies in D. 

Consider a O-dimensional stratum x £ Sto(Af). Then the image of / G k(X,D) 
in an equipped local model (X a , xq,luq) at x is the product of a monomial ct a and 
a regular invertible function <fi E with <p{xo) = 1. We call this monomial 

the leading monomial of f at x. The leading monomial is defined up to monomial 
transformations. 

Definition 3.10. Let (X,D) be toroidal and x £ Sto(AT) a O-dimensional stratum. 
Define the toroidal symbol [/o, . . . , f n ] x at x of fo, ■ ■ ■ , fn £ k(X, D) to be the 
symbol of the leading monomials of fo, . . . , f n at x. 

Remark 3.11. Invariance. Let (Al ct /, x , u>' ) and (AT^//, Xq, w ') be two equipped 
local models at x. Let /' and /" be the images of / € k{X, D) in the two equipped 
local models. Then, according to Proposition 3.1, the leading monomials of /' and 
/" are related by a composition of a monomial transformation and a translation: 
t i— > At^ . Therefore, by Proposition 3.9 the toroidal symbol is the same for the two 
equipped local models if det Q = 1 , and is reciprocal otherwise. 

By Proposition 3.9 the toroidal symbol is multiplicative and multiplicatively skew- 
symmetric in fo,...,f n . 

Now we will give a relation between the toroidal symbol and Parshin's tame 
symbol at a complete flag of stratum closures on X . 

Proposition 3.12. Let (X,D) be toroidal. Consider n + 1 rational functions 
fo, ■ ■ ■ > fn £ k(X, D) . Then, for any complete flag F : Xq C X± C ■ ■ ■ C X n -\ C X 
of stratum closures on X we have 

(fo, ■ ■ ■ , fn)F = [fo,---, fn]xQ F , 

where (fo, ■ ■ ■ , f n )F denotes Parshin's tame symbol at the flag F . 
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(Note that the number [fo, . . . , fnfxo F ls already independent of the choice of ojq 
in an equipped local model.) 

Proof. Since the definitions of the toroidal symbol and Parshin's tame symbol are 
local we can pass to an equipped local model (X CT ,a;o,wo) at -^o and assume that 
F is a complete flag of orbit closures in X a . 

Let F a be the complete flag of faces of a corresponding to F , 

F a : = a C a x C • • • C cr n _i C o n = a. 

Fix coordinates (t±, . . . ,t n ) in T, M = I/ 1 . Inside each cij, 1 < i < n choose a 
lattice point qi £ Z n at lattice distance one from o~i-\ . Let Ui = t qi be a monomial 
change of coordinates in T. Then the rational functions Uj = t qi give a system of 
local parameters at F (see appendix). Therefore by Proposition 3.9 and Remark 6.2 
of the appendix 

(/0, ... ,/„>F = [coA • • • ,CnU k -] = M fc °, • • • ,C n t k -] detQ , 

where Q = (qi, . . . , q n ) and Cit k% is the leading monomial of f\. It remains to note 
that detQ = sgnF. □ 

Corollary 3.13. Let (X,D) be toroidal and (Di,...,D n ) a reasonable covering 
of D . For x £ Sto(-X") let F(x) be the set of all complete flags 

x = X C X 1 C • • • C X n _i C X, 

where X{ E Stj(X) is a stratum closure of signature {i + 1, . . . , n) , < i < n — 1 . 
Then for any n + 1 rational functions fo, ■ ■ ■ , f n £ ^) we 

[/o, • • • ,fn\x^ = Y\. (/0)--- i/n)^) 

where we assume that the product is 1 if T{x) is empty. 

Proof. This follows from Proposition 3.7 and Proposition 3.12. □ 

Remark 3.14. Note that for a toroidal pair (X, D) all Parshin's reciprocity laws 
(Theorem 6.4) for i > follow from Proposition 3.12. Indeed, consider a complete 
flag F : C • • ■ C lj C • ■ ■ C X n of irreducible subvarieties of X . We can pass to 
a local model at Xq and assume that X is an affine toric variety and D = X \ T . 
Then for any n + 1 rational functions fo, ■ ■ ■ , fn £ &(^> -D) the symbol (fo, . . . , /«) f 
is trivial unless -F is a flag of orbit closures on X . But if we fix all Xj , j ^ i, and 
vary there are only two such flags F (since for any face r of a polyhedral cone 
there are only two codimension 1 faces of r that contain a fixed codimension 2 face of 
r ), and the signs of these two flags are opposite. Now we can apply Proposition 3.12. 
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3.5. Main theorem. 

Theorem 3.15. Let X be a complete normal n -dimensional variety over an alge- 
braically closed field k , and D a closed subset of X such that the pair (X, D) is 
toroidal. 

Let (Di, . . . ,D n ) be a reasonable covering of D such that each Di is a disjoint 
union of two closed subsets of pure codimension 1: 

(5) D = Di U ••• UD n , £>in---nD n CSt pf), D i = D' i UD'{, 1 < i < n. 
We get 2 n disjoint finite closed subsets of X : 

S k = G 1 n---nG n , where d = D- or D" , l<i<n, 1 < k < 2 n . 

Then for any n + 1 rational functions fo, ■ ■ ■ , f n G k(X,D) the following 2 n 
numbers are equal: 

(6) (nt/c-./ni^) =■••=( n [/o,-,/n]^) ( } 

where [fo, . . . , f n ] x is the toroidal symbol of fo, . . . , f n at x , c(x) is the combinatorial 
coefficient at x, and \Sk\ is the number of D" in the definition of S k . 

Proof. Because of the symmetry it is sufficient to prove the equality for any two sets 

S?! = d[ n ■ ■ • n £>■ n • • • n D' n and ^2 = D[ n ■ ■ ■ n D'{ n • • • n D' n . 

Since the number [fo, . . . , f n ] x ^ is multiplicatively skew-symmetric in D±, . . . , D n 
(see Remark 3.4) we may assume that i = 1, so 

S 1 = D[ n D' 2 ■ ■ ■ n D' n and S 2 = D'{ n D' 2 ■ • • n D' n . 

We have to show that 

II [/0,...,/n]^ ) = l- 

a;G5iU5 2 

Let £ be the union of all stratum closures Y G Sti (X) with signature {2', . . . , n'} . 
It follows from Corollary 3.13 that if x € S\ U S2 does not lie on any component of 
E then [/o, . . . , f n ]x^ = 1- On the other hand, by (5) the signature of every point 
z G Sto(X) n S is either 

{2V.., n'}, or{l',2',...,n'}, or {l",2', . . . ,n'}. 

In the first case [/o, . . . , fn]x^ = 1, again by Corollary 3.13. In the second case 
x G S\ and in the third x G S2 • Therefore, we have 

(7) n [fa- ■ ■ Jn]$ x) = n > ./vr- 

xe5iu5 2 xest (x)ns 

Now consider a component Y of S , and a closed point y G Y. Let ^-"(y, Y) denote 
the set of all complete flags 

y C Y C X 2 C • • • C X n _i C X, 
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where X; L G Stj(X) has signature {(i + 1)', . . . , n'}, 2 < i < n — 1. Denote 

(fo, ■ ■ ■ , fn)y,Y = Y\ {fo, ■ ■ ■ , fn)F, 

and we assume that (/ , . . . , f n )y,Y = 1 if F{y, Y) is empty. Then by Corollary 3.13 
for each x G StopO n S we have 

(8) [fo, ■■■ , fn\x X ^ = I J (fo,---, fn)F = JJ (/o, ■ ■ ■ , fn)x,Y, 

FeF(x) Y3x 

where the product on the right hand side runs over all components Y of S contain- 
ing x. 

On the other hand, by the first Parshin's reciprocity law (Theorem 6.4 for i = 0) 

JJ (/o, • • • > /rt)j/CycA2C---CX n _iCX = 1, 

s/er 

where the product is taken over all points y &Y . Thus 

(/o, ■ ■ ■ , fn)y,Y = 1- 

s/eY 

Note that (/o, . . . ,f n )y,Y is trivial for all points y not lying in Sto(-X"), so we can 
assume that y G Sto(X) n Y . We have 

(9) J] (/o.---./n>»,y = l- 

2/eStopOnY 

Combining (7), (8) and (9) we get 

II [/o.-./ntf" = II [fo, - - - , fn] C x {x) = 

x£SiUS 2 xGSt (X)nS 

n n (/o, ■ ■ ■ , fn)x,Y = \\ \\ {fo, ■ ■ ■ ,fn)x,Y = 1- 

xeSt (X)nS Y3x YCS xGSt (A)nY 

□ 



4. Toroidal Residue 

Let (X, D) be a toroidal pair, as before. At each point x G Sto(-X') we define the 
residue res J u> of a rational n-form w on I which is regular in X\D. Then we 
prove an additive analog of Theorem 3.15. 



16 IVAN SOPROUNOV 

4.1. Toroidal residue. First we will define the toroidal residue for a local model 
(X a , xo,ujq) at a point x G Sto(X). As before X a is an n -dimensional affine toric 
variety, xq is the closed orbit, and ujq = ^ A ■■■ A y 11 , where (ii,...,i n ) is a 
coordinate system in T. 

Let A = Ox a ,x be the completion of the local ring of xo on X a , B = As the 
localization of A by the multiplicative subgroup S of all monomials. We consider 
the £> -algebra QJ^ of differential n-forms that are regular in T, and the A-algebra 
of regular differential n-forms. 

By fixing coordinates (ti,...,t n ) we can identify every element / G B with a 
formal power series 

f = t b y, A <^ 

Let weSlg. Then we can write uj = f^- A ■ ■ ■ A ^ , for some / G B. 

Definition 4.1. The toroidal residue of a differential n-form uj G is the constant 
term A_6 in the formal power series of / . We denote it by res T uj . 

We have the following properties of the toroidal residue. 

Proposition 4.2. Consider a differential n-form uj G £lg . Then 

(1) // uj is exact then res T u; = 0; 

(2) // uj then res T w = 0; 

(3) For any si, . . . , s n G B x , res T 4^ A • • • A 4fe = 0, unless all nii = 1; 

(4) The toroidal residue is independent of the choice of coordinates (ii, . . . , in); 

(5) The toroidal residue is invariant under monomial transformations t >—> , 
Q G GL(n, Z) up to a factor det Q . 

Proof, i) Let uj = dw . We can assume that w = gdt\ A • • • A dt j A ■ ■ ■ A dt n . Then 

uj = (-iy-^t 1 ...t n ^A...A^. 

Oti t\ t n 

Suppose g = J2 a A «* a ■ Then 

(-i)^ 1 ^""*! ■■■t n = y^QiAq^i . . .t n , a = (ai, . . . ,a„). 
Clearly the constant term of the last series is zero. 

ii) Let Ui = t ai , ai G a (1 Z, n be n regular functions, such that du±, . . . ,du n are 
linearly independent. Then for every uj G £V\ 

uj = fd Ul A • • • A dun = fdt ai A • • • A dt a " = f t a i+-+ a "J^±. a • • • A — , 

ti t n 

where / G A and J = det(ai, ... ,a n ). Clearly, the constant term of /i aiH ha "J is 
zero. 
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iii) First assume that char(k) = 0. Suppose m; / 1. Then 

dsi ds n ( (-I)* -1 i- mi dsi . . . . ds n \ 

*1 *n \ 1 '"-j *x i>j *n / 

and the statement follows from part i). In the case of an arbitrary characteristic 
note that the toroidal residue is a polynomial function in finitely many coefficients 
of the series si, . . . , s n G B x . This function is independent of the characteristic and 
vanishes when the characteristic is zero. Therefore it is identically zero. 

iv) Let (si,...,s n ) be another coordinate system in T. Then Sj = (piU, where 
4>i G A x . Consider u) G $7g and write 

si s n - 



a 



Then the residue of u with respect to (s\, . . . , s n ) is res^ si s ^co = An. On the 
other hand, by part iii) the residue of to with respect to (ti, . . . ,t n ) equals 

(10) ^^^res^^Ao^A-A^. 

Now for each 1 < i < n, = #i _|_ Substituting into (10) and expanding we 
get 

T T \ dt\ A a dt n 

' ~ . n An 

h 



. ti(/l ^ — ^ TP 

res/ 11 , , n uj = res/. . \ An A • • • A h > res/, , n u;*, 

(ti,...,i„; (ti,...,t„j u i j. 1 (ti,—,t„) »' 



where in each uii at least one of ^ is replaced by ^ . It is easy to check that the 
residue of every uii is zero. 

v) It follows from the fact that if itj = t qi , qi G Z n then 

dn n , ^dii dt n 
— - A ■ ■ ■ A — - = det Q— A • • • A — , 

u\ u n ti t n 

and the observation that monomial transformations do not change the constant term 
of a series. □ 

Remark 4.3. The proof of parts iii) and iv) is similar to the one given in [FP] for 
Parshin's residue. 

Now let (X,D) be toroidal. Denote by Q n (X, D) the set of all rational n-forms 
on X that are regular in X \ D. 

Definition 4.4. The toroidal residue of a rational n-form uj G Q n (X, D) at a point 
x G Sto (X) is the toroidal residue of its image in a local model at x . We denote it 
by resj.uj. 
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Remark 4.5. Invariance. As it follows from Proposition 3.1 and Proposition 4.2 
the toroidal residue is the same for any two equipped local models that are related 
by an isomorphism preserving the form loq , and changes sign otherwise. 

The relation between the toroidal residue and Parshin's residue is similar to the 
one between the toroidal symbol and Parshin's tame symbol. 

Proposition 4.6. Let (X,D) be toroidal. Consider a rational n-form lo £ 
Q n (X,D). Then for any complete flag F : X C X x C • • • C X n _i C X of 
stratum closures on X we have 

resF lo = sgn F res^ lo, 

where resFLO denotes Parshin's residue at the flag F. 

The number sgn F res T to is independent of the choice of the form loq in an 
equipped local model. Consequently, if (Di, . . . , D n ) is a reasonable covering of 
D then at each x € Sto(^) the number c(x)vesJ.LO is also well-defined. 

The following is the additive analog of Corollary 3.13. 

Corollary 4.7. Let (X,D) be toroidal and (Di, . . . ,D n ) a reasonable covering 
of D . For x G Sto(^) let J-{x) be the set of all complete flags 

x = X C Xi C • • • C X n _i C X, 

where Xi C Stj(X) is a stratum closure of signature {i + 1, . . . , n} , < i < n — 1 . 
Then for any lo G £l n (X, D) we have 

c(a;)res^u;= tqsflo, 
FeT(x) 

where we assume that the sum is if ^(x) is empty. 
4.2. Main theorem. 

Theorem 4.8. Let X be a complete normal n -dimensional variety over an alge- 
braically closed field k, and D a closed subset of X such that the pair (X,D) is 
toroidal. 

Let (Di, . . . , D n ) be a reasonable covering of D such that each Di is a disjoint 
union of two closed subsets of pure codimension 1: 

(11) D = Di U ••• UD n , £>i n ••• C\D n C Stopf), D i = D' i UD'l, l<i<n. 
We get 2 n disjoint finite closed subsets of X : 

S k = G 1 D---nG n , where d = D- or D" , l<i<n, 1 < k < 2 n . 
Then for any rational n-form lo € Q n (X, D) , the following 2 n numbers are equal: 
(-1)1*1 J>(*)res^ = -.. = (-l)l s -l c(x)res^, 

where resj lo denotes the toroidal residue of lo at x, c(x) is the combinatorial coef- 
ficient at x, and \Sk\ is the number of D'( in the definition of St- 
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Proof. The proof repeats the arguments of the proof of Theorem 3.15. □ 

5. Application to Systems of Equations in the Torus 

In this section we apply our main results on the toroidal symbol and residue to 
prove the product of roots formula and the sum of values formula (Theorems A and 
B in the introduction). 

Recall that a Laurent polynomial is a finite linear combination of monomials with 
integer exponent vectors and coefficients in k : 

f(t) = X m t m , t m = t™ 1 ■ ■ ■ t™ n , X m £ k. 

meZ" 

The convex hull of those lattice points m € Z n for which X m ^ is called the 
Newton polytope of f . The value of f(t) is defined for all t in the algebraic n-torus 
T = (k x ) n . 

Consider a system of n Laurent polynomial equations in T : 

(12) /!(*) = ... = / n (t) = 0, teT. 

Let Aj be the Newton polytope of fi . We assume that none of the /j is a monomial, 
hence, none of Aj is a point. 

Every linear functional w on W 1 defines a collection of faces Af, . . . , A^ of the 
Newton polytopes such that the restriction of w on Aj attains its maximum precisely 
at Af . The polynomial 

m) = £ 

is called the initial form of fi with respect to w . According to Bernstein's theorem 
[Ber75] the number of the solutions to the system (12) is finite (and equals the 
mixed volume of Ai, . . . , A n ) if and only if for every w ^ the system ff(t) = 
■ ■ ■ = fn(t) = is inconsistent. 

Definition 5.1. A collection of polytopes Ai, . . . , A n is called developed if none of 
them is a point and for each w ^ at least one of the faces Af, . . . , Af is a vertex. 

By above any system with developed collection of Newton polytopes has finitely 
many solutions. We will call them the roots of the system. Every root x of the system 
has a multiplicity fi(x) . 

Let A be the Minkowski sum of Ai, . . . , A n . Then every face T C A has a unique 
decomposition as a sum of faces 

(13) T = Ti H |-r n , where Tj C Aj, i = l,...,n. 

If the collection Ai,...,A n is developed then A has dimension n and in the 
decomposition of every proper face of A at least one summand is a vertex. In this 
case, for each vertex A of A the combinatorial coefficient c(A) is defined. 
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Definition 5.2. Let a a be the cone with apex A generated by the facets of A 
that contain A. Then the boundary of a a is covered by the closed sets D\, . . . , D n , 
where Di is the union of all facets of a a that correspond to the facets of A whose 
i-th summand in the decomposition (13) is a vertex. The combinatorial coefficient 
of this covering is called the combinatorial coefficient c{A) of the vertex A G A . 

5.1. Product of roots formula. Consider a system of n Laurent polynomials 
with developed collection of Newton polytopes. The product of the roots counting 
multiplicities is a point in T , which we denote by p . To locate p it is enough to find 
the product of the values of t, L over the roots of the system, for each 1 < i < n . 
More generally, we will find the product of the values of any Laurent monomial ct m , 
for c G k x , m G Z n , over the roots of the system. 

Definition 5.3. [Kh99] The symbol of f±, . . . , f n and a Laurent monomial /o = ct m 
at a vertex A G A is the symbol of n+ 1 monomials [ct m , f\{A\)t Al , . . . , f n (A n )t An ] , 

where A = A\-\ h A n is the decomposition of A, and fi(Ai) is the coefficient of 

i A * in fi . We denote it by [/ , . . . , f n U ■ 

The following theorem was proved by Khovanskii [Kh99] in the complex case. 
Our proof uses the result of Theorem 3.15 and works over an arbitrary algebraically 
closed field k. 

Theorem 5.4. Suppose the collection of the Newton polytopes Ai,...,A n of the 
system (12) is developed. Then the product of the values of a Laurent monomial /o 
over the roots of the system is given by 

(14) n Mxr {x) =nifo,...jn] { A- irc{A \ 

/i(x)=-=/„(x)=0 A 

where the right hand product is taken over all vertices A of the polytope A = Ai + 
• • • + A n and c(A) is the combinatorial coefficient at A . 

Proof. First let us notice that it is sufficient to prove the theorem for a generic 
system with given Newton polytopes. There is an open set U in the space of the 
coefficients of the system where the number of the roots counting multiplicities is 
constant. The left hand side of (14) being symmetric in the roots of the system is a 
rational function in the coefficients of the system. On the other hand, the product of 
the symbols [/o, . . . , f n ]A is also a rational function of the coefficients of the system. 
Suppose we proved the formula for almost all systems in U . Then the two rational 
functions coincide on an open algebraic subset W C U , thus coincide everywhere in 
U. 

Consider the complete toric variety X associated with the Minkowski sum A (e.g. 
see [Fu93]). Let D = X \ T be the invariant divisor on X . Denote by Zi the closure 
of the zero locus fi = in X , and let Z = Z\ U • • • U Z n . If the system is generic, 
the components of Z intersect transversally and the intersection of each component 
of Z with D is also transversal. In this case the pair (X, D U Z) is toroidal. 
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Now we will define a covering of D U Z . Each irreducible component of D corre- 
sponds to a facet of A. Recall that each facet T of A has a unique decomposition 
into the sum of faces (13). Denote by Di the union of all components that correspond 
to those facets whose i-th summand is a vertex. Since the collection Ai, . . . , A n is 
developed, the sets D±, . . . , D n define a covering of D . 

Consider a covering D U Z = (D\ U Z\) U • • • U (D n U Z n ) . Notice that every 
intersection point in (D\ U Z±) PI ■ ■ ■ PI (D n U Z n ) is either a fixed orbit or a transversal 
intersection of some components of Z and D . Thus the covering is reasonable (see 
Section 3.2). By definition, the components of Di correspond to facets of A whose 
i-th summand is a vertex, i.e. the corresponding initial forms of fi are monomials. 
This implies that Di n Zi = . Now applying Theorem 3.15 we obtain 

n [fo,...jn] c x {x) = n [fo,---jn]i- i)nc{x) . 

It remains to notice that for each transversal intersection x of components of Z 
the combinatorial coefficient c(x) = 1 and [fo, . . . , f n ] x = fo(x)^ x ^ (see Example 1 
in the appendix). Also for a point x € D\ n • • • Pi D n the toric symbol [fo, ■ ■ ■ , f n ]x 
coincides with [fo, . . . , f n ]A, where A is the corresponding vertex of A, and c(x) = 
c(A) , by definition. □ 

5.2. Sum of values formula. We recall the definition of a Laurent series at a 
vertex and the residue at a vertex from [GKh96]. Let / be a Laurent polynomial 
with Newton polytope A(/), A a vertex of A(/), and f(A) is the coefficient of t A 
in /. Since the constant term of the Laurent polynomial / = f/(f(A)t A ) equals 1 
we get a well-defined power series 

(is) i = i + (i-/) + (i-/) 2 + .... 

Definition 5.5. Let g be a Laurent polynomial. The formal product of the series 
(15) and the Laurent polynomial g/(f(A)t A ) is called the Laurent series of gj f at 
the vertex A G A(/) . 

Definition 5.6. The residue at a vertex A G A(/) of a rational n-form uj = 
j A • • • A ^ is the constant term of the Laurent series of gj f at A. We denote 
it by res^i^. 

The following theorem was proved by Gel'fond and Khovanskii [GKh02] in the 
case when k = C. We prove it for any algebraically closed field k using Theorem 4.8. 

Theorem 5.7. Suppose the collection of the Newton polytopes Ai,...,A n of the 
system (12) is developed. Then the sum of the values of a Laurent polynomial fo 
over the roots of the system counting multiplicities is given by 

' fo J dti dt r 



£ ^x)fo(x) = (-IT £ c(A) res A f^f *± A ■ ■ ■ A 



fl(x)=- -=f n (x)=0 A 



22 



IVAN SOPROUNOV 



where the sum on the right is taken over the vertices A of A — Ax + • ■ ■ + A n , 
J = det (tj^jf^J for 1 < i,j < n, f = fi-..f n , and c{A) is the combinatorial 
coefficient at A. 

Proof. As in the proof of Theorem 5.4 it is enough to consider the case of a generic 
system with given Newton polytopes, since the sum of the values of a Laurent 
polynomial over the roots of the system is a rational function of the coefficients of 
the system. 

As before, A is the complete toric variety associated with the Minkowski sum, 
D the invariant divisor on X, Zi the closure of the zero locus fi = in X, and 
DUZ = (Di U Z\) U • • • U (D n UZ n ) a reasonable covering that satisfies D- L n Z; L = . 
Applying Theorem 4.8 to the form oj = foj^- A"-A * we get 



E 



c(x) resl ui = (-1)™ ^ c ( x ) res I UJ - 
xez^—nZn ieDin-nD„ 



For each transversal intersection x of components of Z the combinatorial coeffi- 
cient c(x) = 1 and resjw = fi(x)fo(x) (see Example 2 in the appendix). Also for a 
point x G D\ fl ■ ■ ■ fl D n , we have c{x) = c{A) and 



/ /o J dti dt r 
res^ uj = resA ( — 7- — A • • • A — 
J t\ t n 



where A € A is the vertex corresponding to the fixed orbit x. Therefore, we have 
obtained the required equality. □ 



6. Appendix: Parshin's Reciprocity Laws 

Here we recall the definition of Parshin's tame symbol and residue for an arbi- 
trary algebraic variety X over an algebraically closed field, and formulate Parshin's 
reciprocity laws. 

6.1. Parshin's tame symbol. Let A be a complete algebraic variety over an 
algebraically closed field k. 

Consider a complete flag of irreducible subvarieties of X : 

(16) F : A C X 1 C • • • C X n ^ C X n = X. 

We will assume that all Aj are normal. The general case can be reduced to this one 
by considering normalization (for details see [P83] or [So02]). Note also that this 
assumption holds for complete flags of stratum closures on toroidal pairs. 

Given a flag F as in (16) define a system of local parameters at F , (ui, . . . , u n )F € 
k(X) n as follows. There exists an open subset of X n where the codimension 1 
subvariety A n _i has a local equation u n . In general, for every i = ... n — 1, let 
u n -i be a local equation (in some open subset) of the codimension 1 subvariety 
A n _j_i C A n _j . 
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Next, for every rational function / on X define its order (a\, . . . , a n )p € 1* n at 
the flag F . First let a n be the order of / along X n -\ . We can write 

/ = / (n-l) < „ ) flnEZ _ 

Let /( ra_1 ) be the restriction of /( ra_1 ) to X n -\ , and a n _i be the order of this 
restriction along -X" n _2 j 

/ (n - 1) = / (n - 2) <r 1 1 , a n _ ie z, 

and so on. Finally, 

(17) /(i) = /(0)^i, aieZ , 
where a\ is the order of at . 

Definition 6.1. Let fo, ■ ■ ■ , fn be rational functions on X. Fix a complete flag F 
of irreducible subvarieties (16). Let (an, . . . , ai n )p be the order of /, at F. Denote 
^4 = (aij) £ M n+ i^ n (Z) . Parshin's tame symbol of fo,---,f n at t ne flag ^ is the 
following non-zero element of k: 

n 

(18) </„, ...,L)f = (-If ( II ft lYAl ) (*o), 

where Ai is the determinant of the matrix obtained from A by eliminating its i-ih 
row, and 

B = ^2 a ik a jkAij, 
k i<j 

where A\- is the determinant of the matrix obtained from A by eliminating its i-th 
and j-th rows and its fc-th column. 

Note that the order of the rational function inside the large brackets in (18) 
is (0, . . . ,0)f, hence, its value at Xq makes sense and is not zero. 

Remark 6.2. Let us associate with every rational function / on X a monomial 
cu°y ...u ^-, where (ui, . . . , u u )f are local parameters at F, (a\, . . . , a n )i? is the 
order of / at F , and c = /(°) (Xq) . Then the tame symbol (fo, . . . , f n ) f is equal to 
the symbol of the corresponding n + 1 monomials (see Definition 3.8). 

Parshin's symbol does not depend on the choice of local parameters (u\ , . . . , u n )F ■ 
It is multiplicative and skew-symmetric (compare to Proposition 3.9). 

Example 1. Let fi,---,f n be rational functions on an algebraic variety X , whose 
zero loci {/$ = 0} intersect transversely at a non-singular point x G X . Denote by 
Zi the irreducible component of {/j = 0} that contains x. 

Let fo be any rational function on X whose divisor does not contain x. Then 

{f0,...,fn)F = Mxr^\ 

where F : x = X C Xi C • • • C X n _\ C X for Xj = Z i+ i fl ■ ■ ■ fl Z n , and 
fx(x) = [ii . . . n n is the product of the multiplicities (ii of /j along Z; L . 
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Indeed, for the system of local parameters at F we can choose the local equations 
of Zi at x. Then the first row of the matrix A is zero and the other n rows form 
a lower triangular matrix with the multiplicities m on the diagonal. Therefore, 
Aq = fii . . . /j, n and Aj = 0, 1 < j < n. It is also not hard to see that B = (for 
example one can use the description of B given in the proof of Proposition 3.9). 

6.2. Parshin's residue. Let X be a complete algebraic variety over an alge- 
braically closed field k, and F a complete flag of irreducible subvarieties (16). Let 
(ui, . . . , u u )f be a system of local parameters at F , as before. 

Consider a rational differential n-form on X. At a generic point of X n ^\ the 
differentials du\, . . . , du n are linearly independent, and we can write 

u = fdui A • • • A du n , where / = ^ /;„<". 

in>N n 

The restriction of the form f-\du\ A • • • A u n _i onto X n -\ makes sense and gives 
us a rational (n — l)-form w n _i on J„_i. Continuing in this way we arrive at a 
sequence of rational (n — i) -forms u; n _j on , i = 1, . . . , n, the last one being a 
number ujq = f—i —i at the point Xq. Note also that this number is the coefficient 
of the series 

/ = 5^ fh,...,in u l • • - u ni fh,...,i n e k> 

i n >N n j n _i>A r n _i(i„) ii>Wi(i2,...,i n ) 

where we identify / with an element of the field k((ui)) . . . ((u n )) . Here K({t)) 
denotes the field of the Laurent power series in t with coefficients in a field K . 

Definition 6.3. Let w be a rational n-form on X . Fix a complete flag F of ir- 
reducible subvarieties (16). Parshin's residue resFU> at the flag F is the number 
constructed above. 

Parshin's residue does not depend on the choice of local parameters (u± , . . . , u u )f ■ 
The proof of this statement is similar to the proof we gave for the invariance of the 
toroidal residue in Proposition 4.2. 

Example 2. Let fi, ■ ■ ■ , f n be rational functions on an algebraic variety X , whose 
zero loci {fi = 0} intersect transversely at a non-singular point x G X . Denote by 
Zi the irreducible component of {fi = 0} that contains x. 

Let fo be any rational function on X which is regular in an open neighborhood 
of x. Then 

t df 1 df n 
res F fo— A ■ ■ ■ A — = /x(x)/ (x), 

71 Jn 

where F : x = X C X x C • • • C X n _i C I, for I ; = Z i+1 f~l ■ ■ ■ l~l Z n , and 
fx(x) = [ii . . . [i n is the product of the multiplicities /Uj of fi along . 
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Indeed, for the system of local parameters at F we can choose the local equations 
Ui of Zi at x. Then 

, dfi A a #n , du^ 1 dvliT . > du\ du n 

resF/o-^A- • -A— = res F f — t±-A- ■ -A— jj— = res F fi{x)f A- • -A = fjb(x)f (x). 

fl fn «i «n «1 W n 

6.3. Reciprocity laws. Now we will formulate Parshin's reciprocity laws for the 
tame symbol and the residue. 

Theorem 6.4. Let X be a complete irreducible n -dimensional algebraic variety 
over an algebraically closed field k. Fix a partial flag of irreducible subvarieties 
Xq C ■ ■ ■ C Xi C ■ ■ ■ C X n = X , where X; L is omitted. Then 

(1) for any n + 1 rational functions fo, ■ ■ ■ , f n on X 

JJ(/o, • • • , fn) XoC-CXiC-CXn = 1, 

(2) /or any rational n-form uj on X 

resxoc-c^c-cAn w = 0, 

Xi 

where the product (sum) is taken over all irreducible subvarieties Xi that complete 
the flag, and is finite. 

It follows by definition that Parshin's symbol (fo, ■ ■ ■ , fn)F equals 1 unless F 
consists of intersections of components of the divisors of f ,...,f n . This shows 
that the above product is finite. Similarly, Parshin's residue result; is zero unless F 
consists of intersections of components of the polar set of to , hence, the above sum 
is finite. 

In the proof of the main theorems (Theorem 3.15, Theorem 4.8) we referred to 
the special case of the reciprocity law when i = . In this case the proof of the first 
part of Theorem 6.4 is based on the "reduction formula" for the symbol. Namely, 
the property of the symbol analogous to the cofactor expansion for the determinant 
allows one to represent the re-dimensional symbol as a product of symbols of di- 
mension n — 1 (see [FP]). Then the statement follows from Weil's reciprocity by 
induction. 

For the case of the residue, notice that the residue of the n-form to at the flag F 
is equal to the sum of the residues of 1 -forms uj\ on X\ at X$. The statement then 
follows from the 1-dimensional residue formula. 
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